Lecture 4: Motion in Two Dimensions

Chapter 4: Motion in Two Dimensions
Part-1

In this lesson we will discuss motion in two dimensions. In two dimensions, it is necessary to
use vector notation to describe physical quantities with both magnitude and direction. In this
chapter, we will begin by defining displacement, velocity and acceleration as vectors in two
dimensions. Then, we will discuss the solution of projectile motion problems in two
dimensions, such as the motion of a cannon fired at a target at an angle, the motion of a cliff
diver jumped straight off or the motion of a nuclear bomb dropped from a fighter at a height.

In the first section, some definitions are given. In the second section, derivations for the
equations of motion in two-dimensions are shown. The equations for the uniform speed
circular motion and the non uniform speed circular motion are derived in the third section. In
the last section, the relative motion in two dimensions is contained. Analytical and numerical
examples are solved at the end of each section.

Displacement, Velocity and Acceleration in 2-Dimensions

As we mentioned in 1-dimension, the vector nature of velocity and acceleration is taken into
account by the sign (positive or negative) of the quantity. In 2-dimensions we must use 2
components to specify a velocity or acceleration vector. That is the merely difference, in
equations, which may be enough to make something difficult!

If there is a vector lying in the X-Y plane, it can be written as a component in the X-direction
added to a component in the Y-direction. Let A bea two-component vector in the X-Y plane.
Then it is written as A= Axf+ij where A, and A, are the X and Y components of the

vector A (See Figure 4.1a-b).

*o(n)

Figure 4.1: Components of a vector

From Fig. 1b, we see that A, = Acos(®) and A, = Asin(®), and also W =JAL+A

If there two vectors, there will be a third one whose magnitude and direction is found by the
vector operation on the others. Let us call C be the resultant vector of the addition of A with
B. Then, it is written as;



Lecture 4: Motion in Two Dimensions

Ai+Ajand B=B,i+B,j

A+B

(A +B)i+(A +B,))]

=C,1+C,]

where C, = A +B, and C, = A +B,. See Figure 4.2 for the representation.
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Figure 4.2: Vector addition, resultant vector and their components

It is seen also in Figure 4.2 that the resultant vector represents change in position of an object
from point A to point B. So, the resultant vector is a displacement vector of an object that
moves from A to B.

Displacement
In Figure 4.3, an object is initially at position Fi(ti) at time t; (point A). Some time later, t; ,
the object is at position E(tf) (point B). The displacement vector of the object is given by:

- —

Ar=r, —r1 (4.1)

—» x(I)

Figure 4.3: Displacement vector
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Average Velocity
Using the result of displacement, we can find the average velocity of the object between time
intervals:

— —

~ AT Total Displacement rT—ﬁ E—ro

Vav =—=| = - = = (4.2)
At Elapsed Time t, -t t, —t,

Generally, the initial conditions are assumed to be at “0” point. We will use this notation for

the initial condition after that point. As with the 1-dimensional definition, average velocity is

independent of the path between the end points.

Instantaneous Velocity

As it is mentioned in the previous chapter, the instantaneous velocity is given by
v=limAr_dr (4.3)
At—0 At dt

Average Acceleration
It is the change in velocity over the change in time:

AV V-V,
aavzﬂ: f 0 (4.4)
AUt -t

The direction of the acceleration is in the direction of the vector Av, and its magnitude is
|AV/AL |

Instantaneous Acceleration

As we have followed before, Instantaneous acceleration is calculated by taking shorter and
shorter time intervals, i.e. when At — 0, then;

AV _dv 45)

a=lim2Y=="
At—0 At dt

Note: a particle can accelerate in different ways:

The magnitude of vy can change in time, while the direction of motion stays the same.

The magnitude of v, |v|, can stay constant, while the direction of motion changes.
This only happens in more than one dimension.

3. Both |v | and the direction of v can change.

Motion in 2D with Uniform (Constant) Acceleration

We know that

AV V. —Vo V() vt
aaV:_V: f 0= (f) (0) (46)
Attt t, —t,
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In case of uniform acceleration, the average acceleration would be equal to the instantaneous
acceleration. Since the definition of average acceleration is as above, then the instantaneous
acceleration may be written as

_a’: V(tf)_V(to) (47)
tf _to

From that equation, we can write the velocity equation as

v(t, ) =V(t,) +ax(t, —t,). (4.8)

As the motion is in 2-dimensional space, the unit vectors along x and y-axis will be I and |,

respectively. So taking the rectangular components of acceleration (even it is uniform!) and
the initial velocity, we get

V(t,) =€ +a, x(t, —t,) 3+ € +a,x(t, —t,) J. (4.9)
This is the equation of velocity of an object with uniform acceleration in 2-dimensional

motion. Note that the sub-indices “x” and “y” show the initial values of the parameters along
the x-axis and y-axis.

The position vector of the object is written by using Eq. (4.2),

F(t,) =r(t) +Va x (t, —t,) (4.10)
Since the velocity of the object increases uniformly, then we can write it

- 1 - h

Vo =3 ) +vit) (4.11)

as we have done in the previous Chapter. Replacing this result into the Eq. (4.11), then we get
the position vector of the object in terms of velocity and acceleration:

F(te) = F(ty) +Vau x (t; —t;)
F(tf)=F(to)+E ((tf)+9(to)} (t; —to)

and since the final velocity is given as in Eq. (4.8), then the result for the position vector in
terms of the initial values can be given as

F(tf)=F(to)+E ((tfw(to)} (t; —t,)

(4.12)

F(tf )= lt(to)+|:% ((to) +ax (t; _to)+\7(to)1>< (t; —tp)

B, L. 1 - 2
M) =r(t) +V(t)x (t; —to) +-xax(t; —t)". (4.13)

It is noted that all variables are in 2-dimension. For simplicity this equation may be written as
follows by comparing the coefficient of I and . Since

r(te) =x(t; )+ y(t,) (4.14)
then

X(t, ) = X(t,) +Vx x (t, —t0)+%xax x(t, —t,)?

- - - 1 -
Y(te)=Y(t) +vyx(t; —to)+2xay < (t, 1)’ (4.15)
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where the sub-indices “Xx” and “y” show the initial values of the parameters along the x-axis
and y-axis, again.

Projectile Motion

As we know well, the projectile motion is a particular kind of 2 dimensional motion. Firstly,
we will make the following assumptions:

e The only force present is the force due to gravity.
e The magnitude of the acceleration due to gravity is |g|: g =9.8m/s*. We choose a

coordinate system in which the positive y-axis points up perpendicular to the earth's
surface. This definition gives us that a? =-g())=-9.8m/s? and ai =0.
« The rotation of the earth does not affect the motion.

Initial Conditions:
We choose the coordinate system so that the particle leaves the origin (x, =0, y, =0) at time

t. =0 with an initial velocity of vi. The Procedure for Solving Projectile Motion Problems
are as followings:

1. We will separate the motion into the x (horizontal) part and y (vertical) part.

2. Then we will consider each part separately using the appropriate equations. The
equations of motion, for each component, become:
a. x-motion ( ay =0);
It is seen from Eq. (4.9) that the x-component of the velocity will only have
initial value. So,

\_;x =V0X f
- . (4.16a)
Vx =V, c0s(@)1 (const.)
X(t) =vy,t i
() =Vo, (4.16b)

X(t) = Vv, cos@)t i
b. y-motion (aﬁy =—g(])=-9.8m/s?):

It is seen that only the gravitational force is applied on the motion of the body ;
then the y-component of the velocity will be given as

Vy(t) =Vo, ] - gt |

Vy (t) =V, sin(0) j - gt (4.17a)
- 2 2 1 2

y(t) =Y, J+V,t J—Egtz j

o~

- A . 2 1
t) = +v,sin(O)t |—= gt?
y(t) =Y, J+V,sin(O)t | ot (4.17b)

We can also write the velocity equation that is time-independent (as we have done in previous
Chapter.)

V(1) = V2, - 20y(0) (4.18)
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Note that this result is obviously just a magnitude. The direction of the velocity may be
decided by the values of the last term, position vector-y(t)-, of the equation.
3. Finally, we will solve the resulting system of equations for the unknown quantities.

It is also worth to practice on the results obtained above. If the time variable in Eq. (4.16Db) is
inserted into the Eq. (4.17b), then it is seen that the position equation of the object becomes as
parabolic equation.

g 2
=tan(f) Xx—| ———— | X 4.19
Y ©) (sz cos’ (49)) (4.19)
It means that the path of the object in the projectile motion is parabolic:
y=a+bx+cx? (4.20)

In the projectile motion, there will be a final distance on the x-axis the object arrives. If the
Eq. (4.19) is solved for x when y=0, then the range of projectile is found that

V5 sin(20)
g
It is obvious that @ = 45" for the max range, R,

R (4.21)

The max height that the object reaches can be found by using the Eq. (4.18). Since the vertical
velocity will be “0” when the object reaches the highest height, then

0=VZ, —2gy(t), and Voy =V,sin(8) ], then
0= (v, sin®(0)) — 2gy, , finally

(4.22)
Vg sin?(0)
max Zg
is found, see Figure.
4 y{m
=0
Y I Py (6) = €
- . iy -d"'-'# ﬂ| T e
v, =vysin G440 - L S
e = Yo -,
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¥, =y, cosd
T=2

Figure 4.4: The projectile motion

The total time for all these motion is found by using Eq. (4.17a). Since the velocity of the
object is zero at a time “t” when it reaches at the highest point but the horizontal velocity has
some magnitude, then we can write

V@)=V, j-gt] = 0=v,sin(@)j-gtj (4.23)
then
t=%”(‘9) (4.24)
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This is the time expression for the object that has reached the highest point, A, where the
vertical component of the velocity is “zero”. It is seen that it takes some time for that object
falling from point A to B since the projectile does a parabolic path. So, the total time for the
projectile to reach from 0 to B in a parabolic path is
T oot 2v,sin(0)

g

(4.25)

Examples and Problems

Question 4.1:
A bombardment aircraft having velocity of 180mi/h leaves its bomb with 30° angle downward
in horizontal line. The horizontal distance between the point the bomb leaved and the point
where it hits the ground is 701m.

a) Find the height at which the aircraft leaves the bomb and

b) Find the flight time of the bomb.

Solution 4.1:
We are given:

V, =180mi/h=80.5m/s, €#=30°, x,=701m,
The point where the bomb is leaved is assumed to be “0” point. Then

Yo =0, y=Y,+V,sin@t +%at2 = Y=Y,V sin(@)tj—%gtzj
and
XO
Vv, C0s(6)
If we replace “t” in the equation of height, then

Xo =VoCo0s@)ti = t=

—y) =0-v,sin(@) —% gt?j, then

2
—yi=0—vosin(e)(—x° ji—lg[—xf’ ]i

V, C0s(6) 2 " v,cos(@)
The solution of the is equation for the unknown, y , gives us that
y=-900]
This means that the bomb goes downward vertically. To find the time for the bomb to reach

the ground is
Xo 70Im

t=— "0 — t= = t=10.15s
Vv, Cos(¢) 80.5m/scos(30)
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Question 4.2:

Assume that your young sister swings on a rope above the local swimming hole on a hot day
in her summer holiday (See Figure 4.5). She lets go of the rope when her initial velocity is
2.05 m/s at an angle of 35.0° above the horizontal. If her flight in air takes for 1.10 s, how
high above the water was she when she let go of the rope?

Solution 4.2:
We are given:

Vo=2.05m/s  6=35"  tg,, =1.10s
Firstly, we should find the velocity vectors in x and y- directions:
Vo, =V, Sin(0) j

Vo, = 2.05sin(35) =1.176m /()

Xoy =V, COS@)i

Xo, = 2.05c08(35)i =1.679m/ (i)

At the end of the flight time, she will enter
into thewater. S @ @ A "
Since the final height is “0” then the total
displacement in the vertical position is L emm———— =
Just 1 Figure 4.5: Swinging girl on a rope above water
~YI=Yol+Vosin(@O)y - gt’]

then

a - 2 1 ~
0==Yo ]+ Vg SiN(Otgign J — 5 gtFIight2 J
Where the velocity vector is taken “+” since the motion is 35° upward initially. Then

~

2 2 1 2 2 A 1 2
Yol =Vo,teign ) 5 gtFIightZJ = Yo)=(1.176m/s)(1.10s)] _5(9-8m/52)(1-105)2 J

then the initial height is found as
Yo ] =—4.641m(j)
It should be noted that the result means that the motion is in (-) vertical direction!
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Part-2

Circular Motion in Two Dimensions (Uniform Speed)

A particle moving along a circular path constant speed is said to be in uniform circular
motion. As the particle moves around the circle, its angular position on the circle changes. So
being a tangent at each position, the velocity vector is perpendicular to the position vector r.
Since the speed of the particle is constant (for the first case) so that the magnitude of the
velocity is constant; but the direction of the velocity vector is changing from one position to
another position as time goes. Therefore such type of motion has an acceleration whose
magnitude remains constant but direction changes from one position to another one. This
acceleration is called “centrifugal acceleration”. The difference between centripetal and
centrifugal accelerations is quite simple - centrifugal forces do not exist while centripetal
accelerations do. As with most simple statements, there is a great deal more to understanding
this issue than simply memorizing which of the accelerations does or does not exist. To
understand the centripetal acceleration and the fictitious centrifugal acceleration, let's first
examine the words centripetal and centrifugal.

e centri is derived from the Latin centr meaning "center."

o petal is derived from the Latin petere meaning "seek."

o fugal is derived from the Latin fugere meaning "to flee" as in fugitive.
So, literally, the centripetal acceleration is a "center-seeking"” force. The fictitious centrifugal
acceleration is, literally, a non-existing "center-fleeing™ acceleration.

Let us impose on a point-mass object the condition that it is on a £, >
circular path at any time. The vector velocity of this object is always 8 ve
tangent to the circle therefore it changes direction in time, as the N

object moves along the circle. Consequently, the circular motion is a
accelerated motion, simply because the direction of vector velocity
changes, even if its magnitude (speed) remains constant. The
problem now becomes to find out what force generates the
acceleration that keeps the object moving on a circle.

Consider an initial object position A and a position B where the Figure 6: Diagram of a

. . . . . point-mass object moving
object reaches after a time interval At (Figure 6). The velocity vectors 7, " &

. . . g a circular path.

at A and B are shown in the Figure as vp and vs, respectively. The arc
of circle traveled by the object in the time interval At is called &s. Force simplicity, in this
example, the magnitude of velocity (speed) to be constant. Such a motion of an object on a
circle, with constant speed (v), is called "uniform circular motion”. Again, such a motion is
an "accelerated motion™ just because the direction of the vector velocity changes. Since the
object displaces its position with time, its displacement changes by an amount of A@ in At
time. The rate of change of this angular displacement with respect to time is given by

A

w=-—" (4.26)
At

and this change is called “angular velocity”. For the limit condition;

w=lim20_99 G s, (4.27)
A0 At dt

Since the angle changes from 0 to 27t in time T, then the angular velocity can be written as
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2z
T
where the T is the “period” of the particle that takes time for “1 revolution”. So, the revolution
for 1 second is written as
f==.
T

This is the “frequency” of the particle orbiting around a center. Then the angular velocity can
be written as

w=2xf .

The linear velocity of the object is written as,

E/=§ = E=EI’=EVA'[I’ :K/zAWAH
At At . (4.28)
AV =1 AW

and so that the relation between the angular velocity and the linear velocity is given by the
equation

V] = fwr]. (4.29)

It should be noted that the linear velocity does not change in “r” direction; it only changes in
angular positions. Then it is concluded that the linear velocity has a magnitude of “wr” but its
direction vector in “r” remains constant. Because of this, there is just magnitude-relation
between w and v.

Since the acceleration, a, is the change in velocity over time:

- Av

a=—" (4.30)
We notice that acceleration is a vector, Av, multiplied by a scalar, 1/4t. So, the direction of
the acceleration will be the same as the direction of the change in velocity, Av. So what is the
vector "change of velocity" Av?

The "change" in any physical quantity is defined as the final quantity minus the initial
quantity. So, the change in velocity is the final vector velocity minus the initial vector
velocity:

A=V —V, (4.31)

0 vg  To find the vector &v we graphically subtract vector vy from vector vg
N :Jv (Figure 7). Note: for clarity, we have moved the points of origin of both

4 vectors vi and Vo to a common point, out of Figure 6. (Remember, since

! VE a vector is defined only by magnitude and direction, its point of origin is
irrelevant.) Figure 7 shows the vector &v in red color. We can now
transport it back into the initial Figure (Figure 6), preserving its
) ) magnitude and direction as given in Figure 7. After executing this
Figure 7: Bvaluation  oheration, we call the Figure 8. So, we can draw in Figure 8 all three

of Av=V; —V, vectors (a - blue, F- green, and Av - red) parallel to each other (Here, the
“F” is the force that is the subject of next Chapter.)

10
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It should be noticed the direction of all these three vectors; they are
all directed toward the center of the circle and are, therefore,
"center-seeking" or centripetal.

Derivation of an Analytic Expression for “a”

Now, in order to derive an analytic expression for “a”, we use the
following property of two "similar" isosceles triangles, as show in
Figure 9:

Figure 8: Same as Figure
) ) 6, showing the vectors F, a,
For the triangles in and Av.

Lo Figure 6 and Figure
L=-2 7, this relationship is:
1 By
r v
Figure 9: The relation between the sides of As AV (4.32)
"similar" isosceles triangles.
from which:
Av=YAs (4.33)
r
Divide this equation by the time interval At:
AV V([ As
—=—]— (4.34)
At r{ At
then
2
a, =!v = a, v (4.35)
r r

This expression represents the magnitude of a, (centripetal acceleration). If we want to
express them as vectors, it becomes:

a, :—(ﬁj P (4.36)

where #(r-hat) represents the "unit vector” along r and it is obvious that the acceleration has
minus sign in direction. The centripetal acceleration is along the inward radius. It can be seen
in Figure 7 that as Av becomes smaller and smaller then its direction becomes inward radius
(it directs into the origin “0”!).

In the Cartesian coordinates, the variables can be understood more easily as seen in Figure 10.

f’ 1_5 j-.ﬂ"
PR #?
: : S6

=—m® ¥
> X

- - *

Figure 10: Positional vector diagram of a point-mass object moving along a circular path and
its X and y- axis components.

11
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The location of the object at any moment — that means the equation of motion - relative to the
center of rotation is given by

r(t) = r,d +r, ] =rcos@)i +rsin9) ] (4.37)
using the Equation (4.26), then
r(t) = r coswt)i + rsin(wt) j (4.38)

where i and j, with the little hats, are the unit vectors in the x and y-directions. The Eq. (4.38)
is the equation of motion for the body in the Cartesian coordinates.

The object's velocity is easily found by taking the derivative of its location with respect to
time:

v(t) = b (cos(vvt)l +rsin(wt) J
v(t) = —rwsin(wt)i + rwcos(wt) j (4.39)

This velocity is always tangent to the circle or equivalently, \7(t) is always perpendicular to

position vector, r, and \7(t) or=0

The object's acceleration is easily found by taking the derivative of its velocity with respect to
time:
dv(t)

- d . a Al
aft) =——~-=— rwsin(wt)i + rwcos(wt
== dt( (wt) wt)j

a(t) = —rw? cos(wt)i — rw? sin(wt) j
a(t) = —w? €coswt)i + rsin(wt) j:
a(t) =-w’ r(t) (4.40)

It is obviously seen that the direction of the object's acceleration a(t) is opposite F, ie., a(t)
directed towards the center of motion.

Examples and Problems

Question 4.3:

What is the centripetal acceleration of the satellite orbiting at 640km above the Equator if it
takes 98min for one revolution around the earth? (re,n=6370km) (Note that the result will the
“g” at this height!)

Solution 4.3:
We are given:
h=640km , r._. =6370km

earth
t =98min =8580s
Since the radius at which the satellite orbits is the distance of the satellite to the center of the
earth, then the total distance of it to the orbiting center is

r=h+r,, =640km+6370km = r=7010km=7.01x10°m
then the acceleration of the satellite is

12
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vi Lt ) 4z

a=—=

t t ot
2 6 2
LT (7.0l><1(2 ™)’ _ g om/s?
(5880s)
Question 4.4:

An object orbiting uniformly around a center, having radius of 1km, spreads 1° angle in 0.1s.

a. What is the linear velocity of this object?
b. What is the acceleration of the object?

c. Find the position vector in x and y components of that object for t=1s.

Solution 4.4:
We are given:

AO=1°, At=0.1s, r=1km

Since the object displaces 1degree in 0.1second, then

AO 1° (1°*27/360°) 27
W=—="— W= =——rad/sec
At 0.1 0.1 36

Then the linear velocity

vV =Wr :1km*2—”rad/sec
36

v=20007 _12445m/s
The acceleration is
2 2
_VT _17445 a=30.43m/ s>
r 1000

The position vector is given by
r(t) = r cos(wt)i + rsin(wt) j
then
F(t) =1000c0s(2Z 1) +1000sin(2Z 1)} .
36 36
For the 1second, the position vector components are:
- 27 4ane . 2T
rit=1 —1000003(% i +10003|n(£ 1)1.

r(t=1)=984.81f +173.65]

So,
x=984.81m and y=173.65m
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